Abstract. For a toric Fano manifold X denote by Crit(X) ⊂ (C * ) n the solution scheme of the Landau-Ginzburg system of equations of X. Examples of toric Fano manifolds with rk(P ic(X)) ≤ 3 which admit full strongly exceptional collections of line bundles were recently found by various authors. For these examples we construct a map E : Crit(X) → P ic(X) whose image E = {E(z)|z ∈ Crit(X)} is a full strongly exceptional collection satisfying the M-aligned property. That is, under this map, the groups Hom(E(z), E(w)) for z, w ∈ Crit(X) are naturally related to the structure of the monodromy group acting on Crit(X).
Introduction and Summary of Main Results
Let X be a smooth algebraic manifold and let D b (X) be the bounded derived category of coherent sheaves on X, see [26, 47] . A fundamental question in the study of D b (X) is the question of existence of full strongly exceptional collections E = {E 1 , ..., E N } ⊂ D b (X). Such collections satisfy the property that the adjoint functors
are equivalences of categories where T := N i=1 E i and A E = End(T ) is the corresponding endomorphism ring. The first example of such a collection is E = {O, O(1), ..., O(s)} ⊂ P ic(P s )
found by Beilinson in [9] . When X is a toric manifold one further asks the more refined question of whether D b (X) admits an exceptional collection whose elements are line bundles E ⊂ P ic(X), rather than general elements of D b (X)? Let X be a s-dimensional toric Fano manifold given by a Fano polytope ∆ and and let ∆
• be the polar polytope of ∆. Let f X = n∈∆ • ∩Z n z n ∈ C[z In the cases considered, P ic(X) admits a natural set of generators. In particular, denote by [D(z)] ∈ P ic(X) the integral part of D(z) via the map Div T (X) ⊗ R → P ic(X) ⊗ R.
In the first part of the paper we show:
Theorem A: Let X be a toric Fano manifold of one of the following classes:
(a) X = P(O P s ⊕ (⊕ r i=1 O P s (a i ))), a projective bundle with r i=1 a i ≤ s.
(b) X = Bl B (P n−r × P r ), where B = P n−r−1 × P r−1 .
(c) X = Bl B (P(O P n−1 ⊕ O P n−1 (b))), where B = P n−2 and b < n − 1.
Then X admits an exceptional map E : Crit(X; f t ) → P ic(X) given by z → [D(z)] for 0 << t big enough.
Note that for (a) one has ρ(X) = rk(P ic(X)) = 2 while for (b) and (c) one has ρ(X) = 3. In fact, due to Kleindschmit's classification theorem any toric manifold with ρ(X) = 2 is of class (a), see [32] . The exceptional collections arising for (a) coincide with those found by Costa and Miro-Roig in [17] . The exceptional collections arsing for classes (b) and (c) coincide with those found by Costa and Miro-Roig in [18] and by Lason, Michalek and Dey in [22] , respectively. Both of which are special cases of a more general construction for a wider class of toric manifolds with ρ(X) = 3 due to [38] . Let us illustrate the above with the following example:
Example (projective line): For X = P s the Landau-Ginzburg potential is given by f (z 1 , ..., z s ) = z 1 + ... + z s + 1 z 1 ·...·zs and the corresponding system of equations is
The solution scheme Crit(P s ) ⊂ (C * ) s is given by z k = (e 2πki s+1 , ..., e 2πki s+1 ) for k = 0, ..., s, via direct computation. We have Div T (X) = r i=1 V X (F i ) · Z where V X (F i ) is the projective hyperplane defined by z i = 0. The exceptional map is hence given by
where H ∈ P ic(X) is the positive generator.
A full strongly exceptional collection of line bundles E ⊂ P ic(X) on a toric manifold X is associated with a quiver Q E whose vertices are the elements of E and edges connecting two elements E 1 , E 2 ∈ E correspond to the T -invariant divisors appearing in the natural splitting
The main feature of the exceptional maps, defined in [30] , is the M-aligned property, which relates the quivers Q E to monodromies acting on the solution scheme Crit(X; f t ). The second part of the paper is devoted for the description of the M-aligned for the exceptional maps introduced for the classes (a) 
In particular, following the solution schemes Crit(X; γ θ D ) along θ ∈ [0, 1] one gets a map M D : Crit(X; f t ) → Crit(X; f t ), to which we refer as the monodromy map corresponding to the divisor D. We show:
Theorem B (M-aligned property for projective bundles): Let z 1 , z 2 ∈ Crit(X; f t ) be two elements and D ∈ Div T (X) be a T -divisor. Then
where E : Crit(X; f t ) → P ic(X) is the exceptional map of Theorem A.
We refer to this property as M-algined to indicate that the Hom-spaces between elements of the collection E are algined with the corresponding monodromy actions on Crit(X; f t ). In section 4 we prove Theorem B and further consider the M-aligned property for the classes (b) and (c) of Theorem A, as well.
The rest of the work is organized as follows: In section 2 we recall relevant facts on toric Fano manifolds and their derived categories of coherent sheaves and recall the definition of the exceptional collections for the classes (a)-(c). In section 3 we study the LandauGinzburg system for classes (a)-(c) and define the exceptional map. In section 4 we show the M-aligned property. In section 5 we discuss concluding remarks and relations to further topics of mirror symmetry.
Relevant Facts on Toric Fano Manifolds
Let N ≃ Z n be a lattice and let M = N ∨ = Hom(N, Z) be the dual lattice. Denote by N R = N ⊗ R and M R = M ⊗ R the corresponding vector spaces. Let ∆ ⊂ M R be an integral polytope and let
be the polar polytope of ∆. The polytope ∆ ⊂ M R is said to be reflexive if 0 ∈ ∆ and ∆ • ⊂ N R is integral. A reflexive polytope ∆ is said to be Fano if every facet of ∆ • is the convex hall of a basis of M.
To an integral polytope ∆ ⊂ M R associate the space
Cm
of Laurent polynomials whose Newton polytope is ∆. Denote by
corresponding to the polytope ∆ ⊂ M R is defined to be the compactification of the image Denote by ∆(k) the set of k-dimensional faces of ∆ and denote by V X (F ) ⊂ X the orbit closure of the orbit corresponding to the facet F ∈ ∆(k) in X, see [24, 39] . In particular, consider the group of toric divisors
Assuming X is smooth the group P ic(X) is described in terms of the short exact sequence
where the map on the left hand side is given by m → F m, n F · V X (F ) where n F ∈ N R is the unit normal to the hyperplane spanned by the facet F ∈ ∆(n − 1). In particular, note that
Moreover, when ∆ is reflexive one has ∆ • (0) = {n F |F ∈ ∆(n − 1)} ⊂ N R . We thus sometimes denote V X (n F ) for the T -invariant divisor V X (F ). We denote by Div + T (X) the semi-group of all toric divisors F m F · V X (F ) with 0 ≤ m F for any F ∈ ∆(n − 1). Let X be a smooth projective variety and let D b (X) be the derived category of bounded complexes of coherent sheaves of O X -modules, see [26, 47] . For a finite dimensional algebra A denote by D b (A) the derived category of bounded complexes of finite dimensional right modules over A. Given an object T ∈ D b (X) denote by A T = Hom(T, T ) the corresponding endomorphism algebra.
is called a tilting object if the corresponding adjoint functors
are equivalences of categories. A locally free tilting object is called a tilting bundle.
An object E ∈ D b (X) is said to be exceptional if Hom(E, E) = C and Ext i (E, E) = 0 for 0 < i. We have:
is said to be an exceptional collection if each E j is exceptional and Ext i (E k , E j ) = 0 for j < k and 0 ≤ i. An exceptional collection is said to be strongly exceptional if also Ext i (E j , E k ) = 0 for j ≤ k and 0 < i. A strongly exceptional collection is called full if its elements generate D b (X) as a triangulated category.
The importance of full strongly exceptional collections in tilting theory is due to the following properties, see [10, 32] :
-If E is a full strongly exceptional collection then T = N i=1 E i is a tilting object.
E i is a tilting object and E ⊂ P ic(X) then E can be ordered as a full strongly exceptional collection of line bundles.
Let us note the following examples of toric Fano manifolds, which would be considered in the continuation: Example 2.3 (Projective bundles): By a result of Kleinschmidt's [33] the class of toric manifolds with ρ(X) = rk(P ic(X)) = 2 consists of the projective bundles
with 0 ≤ a 1 ≤ ... ≤ a r see also [20] . Set a 0 = 0. Consider the lattice N = Z s+r and let v 1 , ..., v s be the standard basis elements of Z s and e 1 , ..., e r be the standard basis elements of Z r . Set [20] . One has
where ξ is the class of the tautological bundle and π * H is the pullback of the generator
Note that the following holds
for 0 ≤ i ≤ s and 0 ≤ j ≤ r. In [17] Costa and Miró-Roig show that the collection of line bundles E = {E kl } s,r k=0,l=0 ⊂ P ic(X) where
admits the structure of a full strongly exceptional collection.
Example 2.4: For r ≤ n let X n,r = Bl B (P n−r × P r ) be the blow up of P n−r × P r along the multi-linear codimension two subspace B = P n−r−1 × P r−1 . Let e 1 , ..., e n be the standard basis of M R . The vertices of the polar polytope are given by ∆
• (0) = {e 1 , ..., e n , v 1 , v 2 , v 3 } where
where 1 ≤ i ≤ n − r and n − r + 1 ≤ j ≤ n. Set
In [18] Costa and Miro-Roig show that the following collection
m,n=1 ⊂ P ic(X n,r ) admits the structure of a full strongly exceptional collection.
The vertices of the polar polytope are given by ∆
• (0) = {e 1 , ..., e n , u 1 , u 2 , u 3 } where
Michalek, Lason and Dey show in [22] that
m=1 ⊂ P ic(X) admits the structure of a full strongly exceptional collection.
Let us conclude this section by recalling a few facts about the Frobenius toric map and Frobenius splitting: Remark 2.6 (Exceptional collections and Frobenius splitting): Let l ∈ N be an integer and let
s be the l-th power map given by (
The extension of this map to the whole toric manifold X, which we also denote by F l : X → X, is called the l-th toric Frobenius mapping. In [47] Thomoson described the following formula for the Frobenius splitting of the trivial bundle
where m(D) is the number of points in the cube Div T (X)/l · Div T (X) representing the class −lD ∈ P ic(X), see also [1] . Let
. In particular, in the limit as l → ∞ we get a map F : T r → P ic(X), where r = rk(Div T (X)), see [9] . Let B X ⊂ P ic(X) be the image of the map F . The exceptional collection of Example 2.3-4 satisfy E X = B X while the exceptional collection of Example 4.5 satisfies E X ⊂ B X . Let B X ⊂ P ic(X) be the image set of the map F . In general, χ(X) ≤ |B X |. Hence, the number of elements in B X exceeds the expected number of elements of an exceptional collection. On the one hand, many results from recent years seem to indicate an ilusive relationship between the set B X and full strongly exceptional collections of line bundles, see [12, 16, 18, 38] . On the other hand, Michalek, Lason and Dey found examples of toric Fano manifolds for which the set B X admits no subset which is a full strongly exceptional collection, see [38] . An explanation for the distinction between the two cases is yet unclear.
Variations of the LG-system and exceptional maps
Let X be a n-dimensional toric Fano manifold given by a Fano polytope ∆ ⊂ M R and let ∆
• ⊂ N R be the corresponding polar polytope. Set
We refer to
as the LG-system of equations associated to an element f u (z) = n∈∆ • ∩Z n u n z n and denote by Crit(X; f u ) ⊂ (C * ) n the corresponding solution scheme. We refer to the element f X (z) = n∈∆ • ∩Z n z n as the LG-potential of X.
is a full strongly exceptional collection.
Our main observation in this section is that roots of unity arise when considering the asymptotics of Crit(X; f u ) as Log|u| → ±∞. We view these roots of unity as a generalization of the roots of unity arising in Crit(X) in the case of projective space X = P n . Let Arg : (C * ) n → T n be the map given by (r 1 e 2πiθ 1 , ..., r n e 2πiθn ) → (θ 1 , ..., θ n ). For any 
Denote by π : C → C * the projection on the second factor which expresses C as an
A graphic illustration of C together with the curves C(t) for 0 ≤ t for the Hirzebruch surface X = P(O P 1 ⊕ O P 1 (1)) is as follows:
An amusing analogy can be drawn between the resulting dynamics and the cue game of "pool". Indeed, consider the Riemann surface C as a "pool table", the cusps of the surface as the "pockets", and the set C(0) ≃ Crit(X) as an initial set of "balls". In this analogy the dynamics of C(t) describes the path in which the balls approach the various "pockets" of the table as t → ±∞.
3.1. Exceptional map for projective bundles. For the projective bundle X a the Landau-Ginzburg potential is given by
We consider the 1-parametric family of Laurent polynomials
for u ∈ C. Let A(V ) := Arg(V ) ⊂ T n be the image of the algebraic subvariety V ⊂ (C * ) n under the argument map. Such sets are known as co-amoebas, see [41] . For 1 ≤ i ≤ s and 1 ≤ j ≤ r consider the following sub-varieties of (C * ) s+r :
For the co-amoeba one has
.., δ r ) be coordinates on T s+r . We have, via straight-forward computation:
Lemma 3.1.1: For 1 ≤ i ≤ s and 1 ≤ j ≤ r:
As there are exactly (r + 1)(s + 1) such elements (θ, δ) we get lim t→−∞ A(Crit(X; f t )) = (
. We have:
Note that in the definition of the exceptional map we considered the limit t → −∞ . It is interesting to ask whether the limit t → ∞ can also be interpreted in terms of the exceptional map E. Denote by Θ ± (X) := lim t→± (Θ(Crit(X; f t ))). Consider the following example:
Denote by p : X → P 2 and π : X → P 1 the projection to the first and second factor, respectively. Note that p expresses X as the blow up of P 2 at the point [0 : 0 : 1] ∈ P 2 and π is the fibration map. The group P ic(X) is described, in turn, in the following two ways
Where E is class of the the line bundle whose first Chern class c 1 (E) ∈ H 2 (X; Z) is the Poincare dual of the exceptional divisor and ξ is the class of the tautological bundle of π. The exceptional collection is expressed in these bases by
Let us note that we have p * {0, p * H P 2 , 2p * H P 2 − E} = {0, H P 2 , 2H P 2 } = E P 2 , while we think of the additional element p * H − E as "added by the blow up".
On the other hand, direct computation gives Θ + (X) = µ(3) ∪ µ(1) where µ(n) = e 2πki n |k = 0, ..., n − 1 ⊂ T is the set of n-roots of unity for n ∈ N. (see illustration in Remark 3.4). For (k, l) ∈ Z/2Z ⊕ Z/2Z let γ kl (t) = (z kl (t), w kl (t)) ∈ (C * ) s+r be the smooth curve defined by the condition (z kl (t), w kl (t)) ∈ Crit(X; f t ) for t ∈ R and E(z kl (0), w kl (0)) = E kl . Define the map I + : Crit(X) → Θ + (X) by
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By direct computation I + ((z 00 , w 00 )) = ρ ∈ µ(3). Simlarly, define the map I − : Crit(X) → Θ − (X), on the other hand, taking t → −∞ in the limit. Note that this is the way we defined the exceptional map E in the first place. We thus view the map I : Θ − (X) → Θ + (X) given by I = I + • (I − ) −1 as a "geometric interpolation" between the bundle description of E X and the blow up description of E X .
Exceptional map for the class (b)
. The Landau-Ginzburg potential for X n,r is given by
Instead, for t ∈ R we consider the 1-parametric family
The corresponding system of equations is
for 1 ≤ i ≤ n − r and 1 ≤ j ≤ r. One can see that z 1 = ... = z n−r and w 1 = ... = w r , and we set z = z i and w = w j . In particular, the equations turn to be
given by (z 1 , ..., z n−r , w 1 , ..., w r ) → Arg(z 1 , w 1 ). We have:
Proposition 3.2.1: The elements of lim t→∞ Θ(Crit(X n,r ; f t )) ⊂ T 2 are of the following two classes
Proof: Geometrically, the elements of Crit(X n,r , f t ) ⊂ (C * ) 2 are given as the intersection of the two curves respectively. Let T (C i ) := Log|C 1 | ⊂ R 2 and A(C i ) := Arg(C i ) be the amobea and coamobea of C i for i = 1, 2. The corresponding tropical curves T (C i ) := lim r→∞ Log r |C i | are given as follows:
These two tropical curves, which are the spines of the corresponding amoeba, intersect at two points
The corresponding co-tropical curves A(C i ) := ∂A(C i ) are given by:
Each component of the co-tropical curve corresponds to one of the tentecals of the tropical curve. Thus, for the intersection point of the tropical curves
the corresponding intersections for the co-tropical curves are
For the intersection point of the tropical curves (0, 0) ∈ T (C 1 ) ∩ T (C 2 ) the corresponding intersections for the co-tropical curves are
We have:
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Corollary 3.2.2:
The map E : Crit(X n,r ; f t ) → P ic(X) given by E(z) = [D(z)] Z is an exceptional map when t → ∞.
Exceptional map for the class (c).
The Landau-Ginzburg potential for X n,b is given by
One can see that z 1 = ... = z n−1 and we set z = z i . In particular, the equations turn to be e
Let Θ : (C * ) n → T 2 given by (z 1 , ..., z n−1 , w) → Arg(z 1 , w). We have:
The elements of lim t→∞ Θ(Crit(X n,b ; f t )) ⊂ T 2 are of the following two classes
Proof: As t → ∞ the solutions converge to the union of the solutions of the two systems 
Substituting in the first equation gives z n w b e −t = 1. For w + we have We have:
The map E : Crit(X n,b ; f t ) → P ic(X) given by E(z) = [D(z)] Z is an exceptional map when t → ∞.
Let us conclude this section with the following remark:
Remark 3.3.3 (Exceptional maps and the Frobenius mapping): Let F : T r → P ic(X), where r = rk(Div T (X)), be the Frobenius map described in Remark 2.6. Consider the map i : (C * ) n → (C * ) r given by z → (z n 1 , ..., z nr ) where ∆ • (0) = {n 1 , ..., n r }. Note that by definition of the Frobenius map, we can equivalently write the exceptional maps as E(z) = F (Arg(i(z))) for z ∈ Crit(X; f t ) for 0 << t big enough. In particular, we geometrically interpret the torus T r (which in the Frobenius setting was defined as the limit of Div T (X)/l · Div T (X) as l → ∞) as the argument torus of the maximal algebraic tori of P(L(∆ • ) ∨ ).
Monodromies and the Endomorphism Ring
Given a full strongly exceptional collection E = {E i } N i=1 ⊂ P ic(X) one is interested in the structure of its endomorphism algebra
Hom(
Our aim in this section is to illustrate how this algebra is naturally reflected in the monodromy group action of the Landau-Ginzburg system and the Frobenius stratification, for the classes of toric Fano manifolds (a)-(c), considered above.
Recall that a quiver with relations Q = (Q, R) is a directed graph Q with a two sided ideal R in the path algebra CQ of Q, see [21] . In particular, a quiver with relations Q determines the associative algebra A Q = CQ/R, called the path algebra of Q. In general, a collection of elements C ⊂ D b (X) and a basis B ⊂ A C := End E∈C E determine a quiver with relations Q(C, B) whose vertex set is C such that A C ≃ A Q(C,B) , see [32] . Let Gr(X) be the Grassmaniann of subspaces
given by
In particular Crit(X; W (f )) = Crit(X; f ). Let R X ⊂ Gr(X) be the hypersurface of all W ∈ Gr(X) such that Crit(X; W ) is non-reduced. Whenever Crit(X; W (f u )) is reduced, one obtains, via standard analytic continuation, a monodromy map of the following form
On the other hand, as the line bundles in the exceptional collections E are all T -equivariant the Hom-spaces between the elements of the collection admit a decomposition
For each of the classes (a)-(c) we define a natural map Γ : Div T (X) → π 1 (Gr(X) \ R X , f u ) with the property
We thus define
Our aim in this section is to show how exceptional maps E : Crit(X; f u ) → P ic(X) of section 3 satisfy
Hom(E(z), E(w)) ⊂ Hom mon (z, w) for any z, w ∈ Crit(X; f u ) Remark 4.1: We refer to this as the M-aligned property to note that the exceptional maps in section 3 are defined such that the algebraic Hom-functor is aligned with the geometric monodromies of the Landau-Ginzburg system. Note that this property is nontrivial as, in particular, it implies that even for an individual T -divisor D ∈ Div T (X), the corresponding monodromy M(Γ D ) is aligned for all elements of the collection at once.
M-algined property for projective bundles. Let
) be a projective Fano bundle. Note that, in our case
In particular, the algebra A E comes with the basis {V (v 0 ), ..., V (v s ), V (e 0 ), ..., V (e r )}. We denote the resulting quiver by Q s (a 0 , ..., a r ). For example, the quiver Q 3 (0, 1, 2) for 
Aut(Crit(X; f t )). Express the solution scheme as
Crit(X; f t ) = {(z kl , w kl )} s,r k=0,l=0 ≃ Z/(r + 1)Z ⊕ Z/(s + 1)Z where E((z kl , w kl )) = E kl . We have: 
where 1 ≤ i ≤ s, 1 ≤ j ≤ r and u ∈ C. Let (θ 1 , ..., θ s , δ 1 , . .., δ r ) be coordinates on T s+r . It is clear that: for some 0 ≤ l ≤ r. Assume further that (θ, δ) ∈ (
.. = δ r and δ j = δ − θ hence (r + 1)δ = θ and δ = l+θ r+1
+ a j θ = 0.
For instance, consider the following example: Blue lines describe the monodromy action of v 0 , v 1 , v 2 , v 3 (which are, in practice, all linear in the horizontal direction), black lines describe the action of e 0 while red and green lines describe the action of e 1 , e 2 respectively. For a divisor D ∈ Div T (X) set
Let us note that in terms of these "hom"-functors the M-aligned property could be formulated as follows:
Corollary 4.4 (M-Aligned property (a) II): For any two solutions (k 1 , l 1 ), (k 2 , l 2 ) ∈ Crit(X) the following holds
Furthermore, the composition map
is induced by the map
Motivated by mirror symmetry it is interesting to ask to which extent such "artificially defined" hom-functors between solutions of the asymptotic LG-equations can be related to known geometric structures on the A-side, we refer the reader to section 5 for a discussion.
M-aligned property for the class (b).
For r ≤ n let X n,r = Bl B (P n−r ×P r ) be the blow up of P n−r × P r along the multi-linear codimension two subspace B = P n−r−1 × P r−1 . One has
where
} is a basis for the algebra A E . We denote the resulting quiver by Q(n, r). For example, for X = Bl B (P 2 × P 2 ) the quiver Q(4, 2) is the following
Where two of the blue lines stand for the elements V X (e 1 ), V X (e 2 ), two of the black lines for V X (e 3 ), V X (e 4 ), green lines for V X (v 1 ), yellow for V X (v 2 ) and red for V X (v 3 ). The additional blue and black lines stand for V X (v 1 )+V X (v 3 ) and V X (v 2 )+V X (v 3 ) respectively. On the other hand, on the Landau-Ginzburg side, the base point is given by the system of equations
For 1 ≤ i ≤ n − r, n − r + 1 ≤ j ≤ n and θ ∈ [0, 1) we define the following loops in Gr(X) \ R X :
Set also
be as in Definition 3.2.1. The following example illustrates the M-aligned property for the class (b):
Example 4.5 (monodromies for X = Bl B (P 2 × P 2 ) with B = P 1 × P The action of U t (θ) and V t (θ) for [0, 1) is described as follows:
The following is a graphical description of the corresponding monodromy actions:
LG 
Relations (1)-(5) establish the M-aligned property in this case.
M-aligned property for the class (c).
) be the blow up of the projective bundle P(O P n−1 ⊕ O P n−1 (b)) along the codimension two subspace B = P n−2 . One has
In particular, {V (e 1 ), ..., V (e n ), V (u 1 ), V (u 2 ), V (u 3 )} is a basis for the algebra A E . We denote the resulting quiver by Q(n, r). For example, for X = Bl B (P 2 × P 2 ) the quiver Q(4, 2) is the following
For a divisor D ∈ Div T (X) as above and u ∈ C consider the loop
be as in Proposition 3.3.1. The following example illustrates the M-aligned property for the class (c):
The exceptional map of Definition 3.3.2 is defined in terms of the solutions of the LG-system for f t (z, w) = e −t z 1 + e −t z 2 + e −t z 3 + e −t z 4 + e −t w + 1
The following is a graphical description of the z i -coordinate of the solution scheme Crit(X; f t ):
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The corresponding monodromies are described as follows: action of M V (e i ) for i = 1, ..., n − 1 In particular, one has:
(1) M V (e i ) (w k , w l ) = (z k+1 , w l ) and M V (e i ) (z Relations (1)- (5) establish the M-aligned property in this case.
Discussion and Concluding Remarks
We would like to conclude with the following remarks and questions:
(a) Monodromies and Lagrangian submanifolds: A leading source of interest for the study of the structure of D b (X), in recent years, has been their role in the famous homological mirror symmetry conjecture due to Kontsevich, see [32] . For a toric Fano manifold, the analog statement of homological mirror symmetry relates the structure of [4, 36, 44] . In this setting, homological mirror symmetry was proven by Abouzaid in [2, 3] . On the other hand, the Fukaya-Seidel category is known to admit exceptional collections of Lagrangian spheres, due Seidel's Lefschetz thimble construction, see for instance [45] . Thus, via homological mirror symmetry these collections translate to exceptional collections of objects in D b (X). However, it seems a non-trivial question to discern, in terms of the Fukay-Seidel category itself, which such collections of vanishing spheres (if any) in F uk( Y • ) actually correspond to collections of line bundles in D b (X), under the mirror map. Examples could be found in [4] . It is thus interesting to pose the following question:
Question: Is it possible to naturally associate Lagrangian submanifolds L(z) ⊂ Y
• to solutions of the Landau-Ginzburg system z ∈ Crit(X) with the property HF (L(z), L(w)) ≃ Hom mon (z, w) for z, w ∈ Crit(X)
where HF stands for Lagrangian Floer homology?
(b) Further toric Fano manifolds: It is interesting to ask to which extent the methods of this work could be generalized to further classes of torc Fano manifolds? In particular, the main question seems to be in which cases there exists an asymptotic deformation f t of the Landau-Ginzburg potential f X such that the corresponding map E : Crit(X; f t ) → P ic(X), defined in section 3, is exceptional for 0 << t.
Regrading the deformation procedure, let us note that the zero set V (f ) = {f = 0} ⊂ (C * ) n of an element f ∈ L(∆ • ) is an affine Calabi-Yau hypersurface. In [6] Batyrev introduced M(∆ • ) the toric moduli of such affine Calabi-Yau hyper-surfaces which is a ρ(X)-dimensional singular toric variety obtained as the quotient of L(∆ • ) by appropriate equivalence relations. In [6] Batyrev further shows that P H n−1 (V (f )) ≃ Jac(f ), where Jac(f ) is the function ring of the solution scheme Crit(X; f ) ⊂ (C * ) n . In this sense our approach could be viewed as a suggesting that in the toric Fano case homological data about the structure of D b (X), could, in fact, be extracted from the local behavior around the boundary of the B-model moduli, which in our case is M(∆ • ), rather than the Fukaya category appearing in the general homological mirror symmetry conjecture, whose structure is typically much harder to analyze.
